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Abstract
In this note, we construct complete Riemannian metrics to show that Mn ×R2 admits complete Riemannian
metrics with positive scalar curvature (PSC-metric) and that the total space of tangent bundles of orientable
surfaces (except torus) admits completely uniform PSC-metrics, where Mn is a smooth manifold without boundary
(compact or noncompact).
The scalar curvature of a Riemannian metric on closed manifold has been deeply studied (see [RS94], [Ros07],[Sch14]
and the references there) for the reason of geometry and general relative. In this paper, we consider the scalar curvature
of a Riemannian metric on the total space of a vector bundle and the manifold are all without boundary. It is a classic
result that any noncompact Riemannian surface admits complete Riemannian metrics with constant negative scalar
curvature. Bland and Kalka [BK89] generalized it to any dimension: any noncompact manifold of dimension at least
three admits complete Riemannian metrics with constant negative scalar curvature. In contrast to the negative scalar
curvature, there exists obstructions to admit a complete Riemannian metric with positive scalar curvature (PSC-
metric) on open manifold. If one does not require completeness, then the curvature will not restrict the topology of
open manifold according to Gromov’s Theorem [Gro69]. Gromov and Lawson [[GL83], Corollary 6.13] proved that
X×R carries no complete PSC-metric. Here X is enlargeable closed manifold [[GL83], Definition 5.5]. For instance,
closed Riemannian manifolds with nonpositive sectional curvature are enlargeable. There is a widely open conjecture:
for closed manifold Mn, Mn ×R admits a complete PSC-metric if and only if Mn admits PSC-metrics. They also
showed in that paper that X×R2 does not admit completely uniform PSC-metric.
However, if the fiber is the vector space Rn(n ≥ 3), the total space of vector bundles (trivial or nontrivial) will
admit completely uniform PSC-metric. As Rn admits O(n)-invariant completely uniform PSC-metrics. Rosenberg
and Stolz [[RS94], proposition 7.2] described a proof that Mn×R2 admits complete PSC-metrics, where Mn is closed
manifold. Gromov posted a question in [[Gro18], section 6]:
Do all products manifold Y ×R2, and, more generally, the total spaces of all R2-bundles admit complete metric
g with Sc(g) ≥ 0 (i.e. scalar curvature ≥ 0) ? Do, for example, such metrics g exist for compact manifold Y which
admit metrics with strictly negative sectional curvature?
Gromov also pointed out in the paper that the best candidates of this kind of manifolds with no complete PSC-
metric on them are non-trivial R2-bundles over surfaces of genera at least 2. We directly construct complete PSC-
metrics to give partial positive answer to the question.
Theorem. 1. IfMn is a smooth manifold without boundary (compact or noncompact), thenMn×R2 admits complete
PSC-metrics.
2. The total space of tangent bundle of orientable surface (except torus) admits complete uniformly PSC-metrics.
Proof. (1) Without loss of generality, it can only be considered as connected manifold. We will construct a warped
product metric on Mn × R2 and then prove it is a complete PSC-metric. R2 can be considered as the surface
{(x, y, z)|z = c(x2 + y2)} in Euclidean space R3. Here c is constant and c ≥ n+
√
3n2−n
2 +
1
8 . Endowing the surface
Z = F (x, y) = c(x2 + y2) with the induced metric g1 from R
3, the sectional curvature is κ(g1) =
FxxFyy−Fxy
(1+F 2
x
F 2
y
)2 , i.e
Sc(g1) = κ(g1) =
8c2
(1+4cz)2 .
If a surface admits a metric of non-negative sectional curvature, the product metric with (R2, g1) is complete
PSC-metric. Otherwise, the surface can be endowed with complete metric of constant negative scalar curvature. For
dimension at least three, Mn admits a complete Riemannian metric with constant negative scalar curvature (compact
case, see [[El´ı71], Theorem 5] also [KW75], non-compact case, see [BK89]). Therefore, we can give the complete metric
g2 on M
n with Sc(g2) = −1.
Let f be a function on our surface Z = F (x, y), f(x, y, z) = (1 + 4cz)2 = f(z), the warped product metric ds23
defined by f2ds22+ ds
2
1 on M
n×R2 (where ds22 and ds
2
1 are metrics induced by g2 and g1) is a complete metric. Since
g2 and g1 are complete Riemannian metrics and f ≥ 1, the warped product metric does not change the topology of
Mn ×R2. Then according to [[GL83],7.35], the scalar curvature of g3 is
Sc(g3) = Sc(g1) +
Sc(g2)
f2
−
n(n− 1)
f2
‖∇f‖2 −
2n∆f
f
1
where ∆ is Laplace operator on surface. In our case, ∆ is just the Laplacian on R3. Then
Sc(g3) =
8c2
(1 + 4cz)2
−
1
(1 + 4cz)4
−
4n(n− 1)
(1 + 4cz)2
−
2n · 8c
(1 + 4cz)2
=
[8c2 − 16cn− 4(n− 1)n](1 + 4cz)2 − 1
(1 + 4cz)4
> 0
Thus (Mn ×R2, g3) is a complete PSC-metric.
(2) The total space of tangent bundle of S2 admits complete metrics of positive Ricci curvature, or the Cheeger-
Gromoll metric on it is completely uniform PSC-metric [[GK02], Theorem 1.1, property 3.3]. The trivialization of the
tangent bundle T2 makes it carry no completely uniform PSC-metric as T2 is enlargeable [[GL83], Theorem 7.3]. But
it admits complete PSC-metrics.
Let Σ be the orientable surface with genus at least 2 which is endowed a hyperbolic metric g. Then the Levi-Civita
connection ∇ on Σ induces a natural splitting of the tangent space T(p,U)TΣ into
T(p,u)TΣ = V(p,U)TΣ⊕H(p,U)TΣ
Where (p, u) ∈ TΣ, V(p,U)TΣ is the vertical space which is Kerpi∗(p,U), pi : TΣ → Σ and H(p,U)TΣ is the horizontal
space in (p, U) obtained by using ∇. A horizontal curve in TΣ corresponds to a vector field on Σ which is parallel with
respect to connection ∇ on (Σ, g). A vector on TΣ is horizontal if it is tangent to a horizontal curve and vertical if it is
tangent to a fiber. There exists the horizontal (vertical) distribution HTΣ (V TΣ) and the direct sum decomposition:
TTΣ = HTΣ⊕V TΣ. This rises to the horizontal and vertical lifts Xh, Xv of a vector field X on Σ. We can construct
the metric ga,b on TΣ by:{
g
a,b
(p,U)(X
h, Y h) = gp(X,Y ), g
a,b
(p,U)(X
h, Y v) = 0
g
a,b
(p,U)(X
v, Y v) = 0.01gp(X,Y ) + [1 +
1
2gp(U,U)]gp(X,U)gp(Y, U)
The metric induced by ga,b is no less than 0.01 times of the metric induced by Cheeger-Gromoll metric [CG72]
which is complete. Thus it implies the completeness of ga,b. Let t = 12gp(U,U), then our metric g
a,b is a special
example of the general metric on TΣ:
˜
g
a,b
(p,U)(X
h, Y h) = gp(X,Y ),
˜
g
a,b
(p,U)(X
h, Y v) = 0˜
g
a,b
(p,U)(X
v, Y v) = a(t)gp(X,Y ) + b(t)gp(X,U)gp(Y, U)
The general metric firstly defined in [Ana99] and Munteanu computes its scalar curvature [[Mun08], Corollary 2.16]:
Let (MnC , g) be a space form, then
Sc(g˜) = (n− 1)
{
nC + t[2− 3a(t)]C2 −
nF2 + 4tF3
a(t)
}
where n is the dimension of M and C is the constant of sectional curvature of (Mn, g),
F2 = L−M(1 + 2tL), F3 = N − (M
′ +M2 + 2tMN)
L =
a′(t)
2a(t)
, M =
2b(t)− a′(t)
2[a(t) + 2tb(t)]
and N =
a(t)b′(t)− 2a′(t)b(t)
2a(t)[a(t) + 2tb(t)]
In putting our data n = 2, c = −1, a = 0.01, b = 1 + t to the formulas, we get
L = 0, M =
1 + t
0.01 + 2t(1 + t)
, N =
1
2[0.01 + 2t(1 + t)]
, M ′ =
0.01− 2(1 + t)2
[0.01 + 2t(1 + t)]2
2tMN =
2t(1 + t)
[0.01 + 2t(1 + t)]2
, F2 =
−(1 + t)
0.01 + 2t(1 + t)
, F3 =
(1 + t)2 − 0.005
[0.01 + 2t(1 + t)]2
We obtain the scalar curvature of ga,b at (p, U):
Sc(ga,b)(p, U) = −2 + 1.97t+
2 + 4t
[0.01 + 2t(1 + t)]2
=
7.88t5 + 7.76t4 − 8.0412t3 − 8.0012t2 + 3.920197t+ 1.9998
[0.01 + 2t(1 + t)]2
:=
g(t)
h(t)
Since g(t) > 1 for t ≥ 0 and g(t) increases faster than h(t) when t goes to positive infinite, Sc(ga,b)(p, U) ≥ C1 > 0
for all (p, U) ∈ TΣ. Thus, ga,b is a completely uniform PSC-metric.
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